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Abstract
Interaction of a charged particle in a static magnetic background, i.e., a Landau system with
circularly polarised gravitational wave (GW) is studied quantum mechanically in the long
wavelength and low velocity limit. We quantize the classical Hamiltonian following [1]. The
rotating polarization vectors of the circularly polarized GW are employed to form a unique
directional triad which served as the coordinate axes. The Schrodinger equations for the
system are cast in the form of a set of coupled linear differential equations. This system is
solved by iterative technique. We compute the time-evolution of the position and momentum
expectation values of the particle. The results show that the resonance behaviour obtained
earlier[2] by classical treatements of the system has a quantum analogue not only for the
linearly polarized GW [3], but for circularly polarized GW as well.
With the development of various ground based gravitational wave (GW) detectors like
LIGO [4], the possibility of direct detection of GW(s) with a strain sensitivity of the order
of h ∼ 10−21/√Hz or better in the frequency range between 100-1000 Hz is expected in near
future [5]. With such a small response of matter to a passing GW, more often than not, a
quantum mechanical treatment of the matter-GW interaction is desirable [6, 7]. Moreover, re-
cent phenomenologicl studies of NCQM [15, 16, 17, 18] and NC quantum field theory (NCQFT)
[19, 20, 21] had estimated the upper-bounds of the noncommutative length-scale to be of the
same order as the displacement of a test particle under GW. Thus a good prospect of identifying
the NC nature of spacetime (or at least putting stringent upper-bounds on the NC parameters
[16, 17, 19, 20, 22, 23]) requires modeling the GW detection experiments in an NC setting and
confront the model with GW detection data. Constructing such NC models essentially require a
priori quantum mechanical setting. The recent studies in commutative quantum mechanics [1]
ans noncommutative quantum mechanics (NCQM) [8, 9, 10] of harmonic oscillators interacting
with GW show interesting resonance features in the result which can be useful to probe the
noncommutative structure of space in GW detector read-outs. A natural realization of such
quantum harmonic oscillators is the Landau system where a charged particle in a static mag-
netic background is studied quantum mechanically. So it will be interesting to investigate the
quantum mechanics of the Landau system under the influence of GW. Once such a quantum
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mechanical analysis is available it can be readily elevated to NC level using the established
framework of NC electrodynamics [24, 25, 26] and NC gravity [27, 28].
Although some investigations on the coupling of a background magnetic field with GW at
a classical level has been carried out in the literature [2], a quantum mechanical treatement
of the same has been missing and is of foremost interest in its own right. Such a quantum
mechanical formulation would allow us to compare our results with the classical results and give
us deeper insight. Furthermore, in recent years there is a resurgence of interest in this age-old
problem of the coupling of electromagnetic field to GW since experimental investigations are
under way with ever increasing precision both in the laboratory or by astronomical observation
[11, 12]. For example, analytic treatement and numerical simulation of the interaction of a GW
with a strongly magnetized plasma have shown that for strong magnetic fields (∼ 1015Gauss),
the GW excites electromagnetic plasma waves where the energy absorbed from the GW by
the electromagnetic oscillations is comparable to the energies emitted in the most energetic
astrophysical events, such as giant flares on magnetars and possibly even short gamma ray bursts
[13]. Evidently, quantum mechanical models of such astrophysical phenomena, where coupled
effect of GW and electromagnetic field set the stage for charged matter to evolve, can be very
interesting. Towards this endeavour, we first have to consider the response of a single charge
to both electromagnetic field and GW simultaneously at the quantum mechanical level. Also,
since GW couples to electromagnetic waves in plasma mainly through the generation of electric
currents inside the plasma by perturbing the charged particle trajectories [14], the quantum
mechanics of the charged particle influenced by GW will also be relevant in that context.
With this motivation we have studied the effect of GW on the Landau system in an earlier
paper [3] where for simplicity we have focused solely on the linearly polarized GW and left
out an important category of GWs, namely the circularly polarized ones. However, the circular
polarization of GW gives a way to describe whether the background has asymmetry with respect
to magnitudes of right-handed and left-handed GWs [29, 30]. Interestingly, the most recent
BICEP results [31] claim to have detected the B-type polarization mode in the cosmic microwave
background (CMB) which is caused by the left/right circular polarized GWs. This detection,
though indirect in nature, has reinforced the relevance of circularly polarized GWs. Thus it is
imparative that we extend our earlier work [3] for the circularly polarized GW.
In the present paper we therefore study the Landau system interacting with a circularly
polarized GW. Note that due to rotation of the GW polarization vectors in the present case,
the method of analysis presented in [3] will have to be modified in a non-trivial way which will
be discussed shortly. To specify, we shall study the quantum mechanics of a charged particle
gyrating in the presence of a constant background magnetic field along the z-axis, while circularly
polarized GW(s) parallel to the magnetic field is passing. The classical approach to this problem
is to solve the geodesic equation of a charged particle in a uniform magnetic filed in a linearized
gravity background. However we choose the geodesic deviation equation for the system as our
starting point and work backwords to obtain the Hamiltonian describing the system. This
Hamiltonian is eventually quantized [1] to go over to the quantum mechanical scenario. The
classical treatment of this system where the GW, with a frequency Ω, propagates parallel to the
magnetic field, the coupling of a gyrating charge with the GW becomes very strong at twice
the cyclotron frequency Ω = 2̟ [2]. In [3] we have shown that for linearly polarized GW the
quantum mechanical model also shows such resonance. To check whether this behaviour persists
for circularly polarized GW is one of our main objectives in the present paper.
The argument of working back from the geodesic deviation equation in the proper detector
frame to the corresponding Hamiltonian has been presented in details in [8, 9]. Following the
same path, the Hamiltonian in the present case becomes
H =
1
2m
(
pj − e
c
Aj +mΓ
j
0kxk
)2
(1)
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where standard notations aer used.
Owing to the transverse nature, for the GW propagating along the z-axis, the objects Γj0k
will be confined only in the x− y plane. We employ the symmetric gauge Aj = −B2 ǫjlxl in that
plane and using the traceless property of the GW, the Hamiltonian (1) takes the form
H =
1
2m
p2j +
1
2
m̟2x2l −̟L+
1
2
h˙jkxkpj − eB
4c
ǫljh˙jkxlxk . (2)
As we have pointed out earlier the first two terms represent an ordinary harmonic oscillator
with the cyclotron frequency ̟ = eB
2mc . The third one is the Zeeman term with L = ǫljxlpj
and the fourth term which is linear in the affine connections, reveals the effect of the passing
GW. Finally, the last term presents the coupling between the GW and the background magnetic
field. Since we are dealing with linearized gravity, a term quadratic in Γ has been neglected in
eq.(2). Thus we have arrived at a Hamiltonian conisting of a harmonic oscillator along with
other smaller terms that can be regarded as perturbations.
We define raising and lowering operators in terms of the oscillator frequency ̟ as
xj =
(
h¯
2m̟
)1/2 (
aj + a
†
j
)
(3)
pj = −i
(
h¯m̟
2
)1/2 (
aj − a†j
)
(4)
to write the Hamiltonian (2) as
Hˆ = h¯̟
(
a†jaj + 1
)
+ ih¯̟ǫija
†
iaj −
ih¯
4
h˙jk
(
ajak − a†ja†k
)
− h¯
4
[
ǫljh˙jk
(
alak − a†l a†k
)
+
(
ǫljh˙jk + ǫkjh˙jl
)
a†l ak
]
(5)
so that the equation of motion for ai(t) will be
dai(t)
dt
= −i̟ai +̟ǫijaj + 1
2
h˙ija
†
j +
i
4
ǫij h˙jk
(
a†k + ak
)
+
i
4
ǫkjh˙ji
(
a†k + ak
)
. (6)
To obtain the same for of a†i (t) one has to take the complex conjugate (c.c) of the above equation.
Since the raising and lowering operators satisfy the commutation relations[
aj(t), a
†
k(t)
]
= δjk, [aj(t), ak(t)] = 0 =
[
a†j(t), a
†
k(t)
]
(7)
we can study their time-evolutions using the time-dependent Bogoliubov transformations. To
this end we express the raising and lowering operators in terms of the free operators at time
t = 0 and the generalised Bogoliubov coefficients ujk and vjk
aj(t) = ujk(t)ak(0) + vjk(t)a
†
k(0)
a†j(t) = a
†
k(0)u¯kj(t) + ak(0)v¯kj(t). (8)
Here the bar denotes the complex conjugation (c.c). The Bogoliubov coefficients are 2×2 complex
matrices which, owing to the commutation relations (7) must satisfy uvT = uT v , uu†− vv† = I,
where T denotes transpose, † denotes c.c transpose and I is the identity matrix. ujk(t) and
vjk(t) satisfy the appropriate boundary conditions
ujk(0) = I , vjk(0) = 0 . (9)
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In terms of the variables ζ = u− v† and ξ = u+ v† the equations of motions eq.(6) and its c.c,
take the form
dξil
dt
= −i̟ζil +̟ǫijξjl + 1
2
h˙ijξjl (10)
dζil
dt
= −i̟ξil +̟ǫijζjl − 1
2
h˙ijζjl +
i
2
ǫij h˙jkξkl − i
2
h˙ijǫjkξkl . (11)
The eq(s)(10, 11) are to be solved for the case of circularly polarized GW(s).
In the two-dimensional plane, the circularly polarized GW, which is a 2× 2 matrix hjk, can be
written in terms of the first and third Pauli spin matrices σAjk, A = 1, 3 and the two rotating
polarization vectors εA as
hjk (t) = 2f0
(
ε1(t)σ
1
jk + ε3(t)σ
3
jk
)
= 2f0 εA(t)σ
A
jk. (12)
Here 2f0 is the constant amplitude of the GW and the polarization vectors ε1(t) and ε3(t) satisfy
the constraint ε21 + ε
2
3 = 1 for all t and evolve according to
dǫ3
dt
= Ωǫ1 ,
dǫ1
dt
= −Ωǫ3 . (13)
with a constant frequency Ω.
To solve eqs.(10) and (11) let us first note that any 2×2 complex matrixM can be expressed
as a linear combination of the Pauli spin matrices and identity matrix as
M = θ0I + θAσ
A (14)
where θ0 and θA are complex quantities. Note that ~θ = (θA), A = 1, 2, 3 can be thought of as
a vector in a three dimensional complex space. The polarization states of the GW can also be
represented as a vector ~ε in such a complex space. Also note that ~ε, ~˙ε and ~ε × ~˙ε are mutually
orthogonal and thus can serve as a natural choice of mutually independent directions, thus
forming a coordinate system for our purpose. Hence, we make the following ansatz:
ζ = AI +B~ε · ~σ + C ~˙ε · ~σ
Ω
+Di
~ε× ~˙ε
Ω
· ~σ , (15)
ξ = EI + F~ε · ~σ +G~˙ε · ~σ
Ω
+Hi
~ε× ~˙ε
Ω
· ~σ , (16)
where A, B, C, D,E,F ,G,H can be complex functions. Substituting from eq(s)(12, 13, 15,16)
in eq(s)(10, 11) and comparing the coefficients we get a set of first order differential equations
for the complex functions A,B,C,D,E, F,G,H:
dA
dt
+ i̟E −̟A+ f0ΩC + 2if0ΩF = 0 ,
dB
dt
− ΩC + i̟F −̟B − f0ΩD + 2if0ΩE = 0 ,
dC
dt
+ΩB + i̟G−̟C + f0ΩA+ 2if0ΩH = 0 ,
dD
dt
+ i̟H −̟D − f0ΩB + 2if0ΩG = 0
dE
dt
+ i̟A−̟E − f0ΩG = 0 ,
dF
dt
− ΩG+ i̟B −̟F + f0ΩH = 0 ,
dG
dt
+ΩF + i̟C −̟G− f0ΩE = 0 ,
dH
dt
+ i̟D −̟H + f0ΩF = 0 . (17)
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Solving them with boundary conditions appropriate with (9), we obtain to first order in the GW
amplitude,
A(t) = 1 +
Ωf0J3
2
− (1 + J2) + i (1 + J1)
4
− if0
[
ΩJ4 − 2̟
Ω− 2̟
]
B(t) = −Ωf0 (1 + J2)
4̟
− (Ω−̟)J3
2
− i
[
̟J4
2
+
f0Ω (1 + J1)
2̟
− ̟
2
Ω (Ω− 2̟)
]
C(t) = −Ωf0 (1 + J1)
4̟
− (Ω−̟)J4
2
+
̟ (Ω−̟)
Ω (Ω− 2̟) − i
[
̟J3
2
− f0Ω (1 + J2)
2̟
]
D(t) =
Ωf0J4
2
− f0̟
(Ω− 2̟) −
(1 + J1)− i (1 + J2)
4
− if0ΩJ3
E(t) = 1− Ωf0J3
2
− (1 + J2) + i (1 + J1)
4
F (t) =
Ωf0 (1 + J2)
4̟
− (Ω−̟)J3
2
− i
[
̟J4
2
− ̟
2
Ω (Ω− 2̟)
]
G(t) =
Ωf0 (1 + J1)
4̟
− (Ω−̟)J4
2
+
̟ (Ω−̟)
Ω (Ω− 2̟) − i
̟J3
2
H(t) = −Ωf0J4
2
+
f0̟
(Ω− 2̟) −
(1 + J1)− i (1 + J2)
4
(18)
where
J1 = 2̟t+ sin 2̟t− cos 2̟t
J2 = 2̟t− sin 2̟t− cos 2̟t
J3 =
sin (Ω− 2̟) t
Ω− 2̟ −
sinΩt
Ω
J4 =
cos (Ω− 2̟) t
Ω− 2̟ −
cos Ωt
Ω
(19)
With the above expressions for A,B,C,D,E, F,G,H computed, the system has now been es-
sentially solved. The time evolution of various relevant measurable quantities (e.g., coordinate
and momentum expection values) can be obtained as follows.
Combining the expressions for A,B,C,D,E, F,G,H given by (18, 19), we can write the
solutions in terms of ζ and ξ using Eq.(s) (15, 16) which in turn give u and v. Using u and v
in Eq.(8) we can now compute the raising/lowering operators aj(t) and a
†
j(t) once their initial
values are fixed. To fix the initial values of the raising/lowering operators, one only needs
to specify the initial values (or more conveniently the initial expection values) of the position
~r0 = (x0, y0) and momentum ~p0 = (px0 , py0) when the GW just hits the system (say,) at time
t = 0. From the initial position and momentum expectation values, i.e.〈~r0〉 = (X1(0),X2(0))
and 〈~P0〉 = (P1(0), P2(0)), we get the corresponding values for the raising and lowering operator
〈aj (0)〉 and 〈a†j (0)〉, taking the expection values of equations (3, 4) at time t = 0. We then use
them in Eq.(s) (8) to find aj (t) and a
†
j (t) at a general time t and these yield the time evolution
of the expectation values of position coordinates 〈X1 (t)〉 and 〈X2 (t)〉 of the test body. Their
general expressions, thus obtained, are given by
〈X1 (t)〉 =
[(
1− 1 + J2
4
)
X1 (0) +
(1 + J1)
4
P1 (0)
m̟
]
+
[(
1 + J1
4
)
X2 (0) +
(1 + J2)
4
P2 (0)
m̟
]
+
Ωf0
2
[J3X1 (0)− J4X2 (0)] + ̟ (Ω−̟)
Ω (Ω− 2̟) [ǫ1X1 (0)− ǫ3X2 (0)]
5
+
(Ω−̟)
2
[− (ǫ3J3 + ǫ1J4)X1 (0) + (ǫ3J4 − ǫ1J3)X2 (0)]
+
Ωf0
4̟
[−{(1 + J2) ǫ3 + (1 + J1) ǫ1}X1 (0) + {(1 + J1) ǫ3 − (1 + J2) ǫ1}X2 (0)]
+
1
2m
[(ǫ3J4 − ǫ1J3)P1 (0) + (ǫ1J4 + ǫ3J3)P2 (0)]
+
f0
m̟
[{
ΩJ4 − 2̟
Ω− 2̟ +
Ω
2̟
{(1 + J1) ǫ3 + (1 + J2) ǫ1}
}
P1 (0) (20)
− Ω
2̟
{(1 + J2) ǫ3 − (1 + J1) ǫ1}P2 (0)
]
− ̟
mΩ (Ω− 2̟) [ǫ3P1 (0) + ǫ1P2 (0)] (21)
〈X2 (t)〉 =
[(
1− 1 + J2
4
)
X2 (0) +
(1 + J1)
4
P2 (0)
m̟
]
−
[(
1 + J1
4
)
X1 (0) +
(1 + J2)
4
P1 (0)
m̟
]
+
Ωf0
2
[J4X1 (0) + J3X2 (0)]− ̟ (Ω−̟)
Ω (Ω− 2̟) [ǫ3X1 (0) + ǫ1X2 (0)]
+
(Ω−̟)
2
[− (ǫ3J3 + ǫ1J4)X1 (0) + (ǫ3J4 − ǫ1J3)X2 (0)]
+
Ωf0
4̟
[{(1 + J1) ǫ3 − (1 + J2) ǫ1}X1 (0) + {(1 + J2) ǫ3 + (1 + J1) ǫ1}X2 (0)]
+
1
2m
[(ǫ1J4 + ǫ3J3)P1 (0)− (ǫ3J4 − ǫ1J3)P2 (0)]
+
f0
m̟
[
− Ω
2̟
{(1 + J2) ǫ3 − (1 + J1) ǫ1}P1 (0)
+
{
ΩJ4 − 2̟
Ω− 2̟ +
Ω
2̟
{(1 + J1) ǫ3 + (1 + J2) ǫ1}
}
P2 (0)
]
− ̟
mΩ (Ω− 2̟) [ǫ1P1 (0)− ǫ3P2 (0)] (22)
Similar expressions for the momentum expection values can also be written following the same
algorithm. Once these phase space variables are in place they can be combined to construct the
time evolution of all other dynamical quantities. This completes our solution for the interaction
of a circularly polarised gravitational wave with a Landau system, i.e., charged particle, in the
presence of a uniform magnetic background. Though the expressions are quite complicated two
features of the solution are immediate noticeable.
1. First is the presence of three types of oscillatory terms, one intrinsic to the Landau system,
with twice the cyclotron frequency 2̟, indicated by J1 and J2 and the other two, indicated
by J3 and J4, related to the GW; amongst them one exclusive to the GW and the other
showing a coupling between the Landau system and the GW. We expect this last type
to lead to interesting observational aspects if indeed a Landau system interacting with
circularly polarized GW can be monitored.
2. Second is the resonance feature near Ω = 2̟. This effect has been obtained earlier in a
classical treatement [2] where one starts with the geodesic equation of the charged particle,
instead of the geodesic deviation equation used in this paper. It is indeed reassuring
that the condition of resonance obtained through our quantum mechanical analysis is in
complete conformity with the classical analysis [2]. Also note that the specific choice of
coordinate axes along the natural directional trio, defined by the polarization vectors of
the system, although changes the computation/result of the present paper from that of
6
our earlier work [3] where we considered only linearly polarized GW, the resonance point
obtained in both cases are identical. Thus the resonance behaviour obtained by quantum
mechanical treatement match with the classical result regardless of the linearly or circularly
polarized nature of the GW.
We would like to conclude with the observation that for a GW (with linear or circular
polarization) interacting with Landau system which has an intrinsic oscillatory nature, one
would essentially obtain a resonance behaviour. Hence, one can in principle detect the GW and
find its frequency Ω by tuning the cyclotron frequency ̟ which in turn depends on the applied
magnetic field B till resonance is achieved. A more realistic scenario can however be obtained if
various forms of periodic GW signals with more than one frequency are used to carry out similar
computations. We hope to report this in future.
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